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ABSTRACT

The general solution of the space independent reactor kinetics
equations formilated by Keepin takes the form of an integral equation in
which the neutron density is an implicit function of the time dependent
reactivity. The equation also involves a set of tabulated constants.
In this report the problem of specifying the reactivity required to
vield a given neutron density function is solved by exhibiting an ex-
plicit solution for the reactivity in terms of the density function and
a set of constants related to those tabulated by Keepin. The only mathe
ematical restriction on the density function is that it be positive and
differentiable. The solution is suitable for numerical computation, and
methods for calculating the constants are developed. As a simple a.ppii-
cation the reactivity required to yield a constant density is shown to

be a sum of negative exponentialse.
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Keep:!.n:L formilated a general solution of the space independent
reactor kinetics equations for the neutron density. Keepin's formla-
tion was particularly applicable for numerical solutions for arbitrary
time dependence of the reactivity and re@.iréd only that certein con~
stants be tabulated for each fissile species.

If the direct problem of kinetics is finding the neutron density,
given the time behavior of the reactivity, then the inverse problem 1s
the determination of the time behavior of the reactivity necessary to
produce a given neutron density.

The present report presents & formulation of the inverse problem
similar to Keepin's fornmlation of the direct problems The solution
given is in many cases more readily determined mumerically then the
solution to the direct problem.

The neutron density, n(t), satisfies the equation (in & source free
medium)

Imax t S,.(t-u)
n(t) = n(0) + = Aj Io eV n(u)d(u)aw, ¢> o0, (1)
J=0

where the A 3 and S 3 are constants determined and given by Keepin, and

D(t) = k(t) = 1 is thetime dependent reactivity. In the inverse problem




n(t) is supposed known and, for convenience, differentiables The prop~

erties of the constants® which will be needed are

a;>0, 3>0  and

S =0, 5, > §

o >8,> eee > 5

1 2 'jma.x.

Tt is permissible to differentiate (1) giving

dan SJt t -Sju

i ();.) ASge Io e n(u)d(u)du + (?) AJn(t)D(t),
or

: t S.(t-
n(t)D(t) = ZlAj n'(t) - (;) ASS, I, e J( w) n{u)p(u)aul. (2)
(3) J
Let y(t) = n(t)p(t), t > 0. For convenience, let a = ):lA .
(1) 9
Then
t S.(t-u)

o) = afatle) = B agy [e Y .

Iet Y(s) = f°°°e"s'° y(t)dt.
Then

t S, (t-
Y(s) = a f(‘:’e““n'(dt) - a();.) A, fg)e-St I e sem) y(u)aulat.

.



By the Convolution Theorem:

S.t
¥(s) = a f:)e-st n'(t)it - a Y(s) (3:) Ajs.j f:’e'st,e I at
AS,
=a [Pt nr(t)at - a ¥(s) = i,
i) =
orxr
¥(s) = —2pe [P pr(g)at,
l+a =
(3) ®5;
But
Imax [ . )J
r |A s=S
SR SERNDR S = 3 N ¢ T
Lz oLd : 8 5 -.i..AS (5) 55; Jmax( 5.)
(3) 575 (3) 55 B, 55
Therefore,
Jma.x ‘jma.x
. Jno (s-5,) Jnl (s-5,)
5 AT Ipax ) Imax ’
82 8. s A, T (s-s,) = |A, T (s=s.)
(J) dJd J=O [J (lf.] i J=0 J (if,j) 1
and




Imax

H (s-S )
Y(s) - _,L-l

P e"5% ne(e)at.

max
s X (s-S )
=0 K (ifs)

The quotient of polynomials in s may be written as & partial frac-
tion expansion:

e
l'l (s-S ) dpax R
=1 g
Jma.x J=0 s=S
s I (s-5,) J
J=0 (1;4:))

where the S¥'s are the roots of the denominator and the R!'s are con-

stants. Obviously, Sg = 0. A method of determining the R's and a dis-

cussion of the signs and magnitudes of the R's and S¥'s will be given

lster on.

Let Q be the function such that

'jma.x R
[Pt qt)at = = —dn,
J=0 =S
J
Then
dpax st
Qt)= I Red, t>0.

g=0 9



Therefore,

o]

Ié-sl = [fwe-St Q(t)dt] [f:’e"St n'(t)dt].

Using the Convolution Theorem again:

Xéﬁl = fo‘ne‘s“ [f: n'(u)Q,(t-u)du]dt,

and, since

t
¥(s) (o _=st
- = I e [fo y(u)du] at
and since two different functions cannot have the same Leplace transform,
t t
fo y(w)au = J; n*(u)Q(t-u)an, t> 0.

Differentiating both sides with respect to t yields

t
y(t) = n'(t)Qle) + [ nt'(u)Q! (t=u)du. (3)
Since
Imax s*g Imax
Q(t) = = RS% 9, Q)= = R, and y(t)=a(t)p(t),
5=0 JJ j=0 9
t >0,




substitution in equation (3) yields

Spac Imax s*(t=u)

D(t) = ﬁo G m";f R | 2 Rgle ey,
or
p(t) = = R Ei%’l jz RSeSJ{)n'(u)e zfudn,(h)
320 9 "("7

since S"o6 = 0. If one includes the source term @ as defined by Keepin

[(L) p. 672], the comparable result is

Imax
n'(t)=0t(0
D(t) = 5_:0 RJ LrE
1 Jmex . sgt t -5
] ] ]
+ =% 321 RJSj fo [n (u) - Qo(u)]e du. (4*)

There are some facts about the R's and S*'s which are easy to ob-
tain without numerical procedures and which are of interest.

First, the sum of the R's is the reciprocal of the sum of the A's
in the original equations. To obtain this relationship set t = 0 in

equation (2) and in equation (4).

From (2), n(o)p(o) = » n*(o), and from (%),

1
ZA,

(3) 9

D(o) = (};) R, §°° .



Thus

1
Z A,
(3) °

= Z R,e
(5) 9

Second, the S¥*'s are all negative, except for S:, which is zero,
and they interlace the S's in the original equations according to the

>s¥>8.>8%>8,> ¢ee>s8* >38 .
1- %27 %2737 "3 Imax  Ymax

This fect can be shown fairly easily. The S¥'s, for j > 1, are the

inequality O> sI> s

roots of the polynomial

= . 1 s
Q(s) jio AJ (1#3) ( -Si) s

which can be written as

J A,

pi=hd A A] A2 J
M (s=s j) _so toogm tooge e ____s_masjuc
j=0 1 2 max

for s # Si’ is= 0,1,2,...,{]maxo

The first factor is not zero except at the S i's, so the second factor
mist be zero at the roots, S;_". A1l the A,'s are positive and all the
Si's are negative. Therefore, there are no non=negetive S;f's. From con=

timuity considerations and the fact that s=5y >0 1=2126005J ..




vhen 0> s> Sl’ it is obvious that s may be taken close enough to zero
A

so that -8—9- exactly cancels the sum of the other items. Similarly, when
Sl >8> 82, s and s-sl are negative, and s-Sa, s-S3, etc., are all pos=

itive, and s may be taken close enough to (or far enough from) S, so

Ay A
that -s- o4 o S]_

Pictorially, the situation is described below, where

exactly cancels the sum of the rest of the terms.

A
A Imax
y(S) ='s‘9'+§231-l-+ ese + S-SJ .

max

NN s.'\ l\
NN

I have not been able to find any simple way to relate the S*'s to

S

S ' S

the A's and S's and presume that they have to be calculated by using a
polynomial solver on Q or by using some approximation method on the y
pictured above.

Third, the R's are given explicitly from a theorem which states

thet if P and Q are polynomials, and the roots of Q are distinct, P is
R
Pls

of degree less then Q, and als (2 S_é 'y
3)

where the Si's are the

P(s,)
roots of Q; then R —.-(-—-)- 1=01,2yee00o For the present problem,

~10-



JmB.x 'jmax
P(s) = 11 (s-Si) and Q(s) =s = A, II (s-Si).
j=1 5=0 3 143

The polynomial

—(—2 = [ (s-s )]
I (143)

is the sum of J max * 1 polynomials, each of degree }J max and with lead-

ing coefficients Ao, Al’ A2, etce The sum polynomial thus has leading

Jma.x

coefficient z AJ and can be written
J=0
J
Séi). =[= a, n (s-s¥)
(3) 1=1

by the factorization theorem.
Since S:; = 0,
Imax

- [ 5 e

J

@ =[5 m]1 5 [ =

By the theorem cited:




J

* max *
P(s}) ng (si-s J)
Ri = 'Q"'('S'f)' = me y 1 = 0,1,2,...,Jmaxo

[(?) AJ] 30 [(Iga) (Sg.si]

For a given i, the only product which does not drop out in the sum

of partial products in the denominator is the one for which j = 1.

Thus,
Imax
m (si-s,)
Ry = =g o —LE 1=0,1,2 ; (5)
i~ (Z)A;j (If] )(si-s ) R y000rd oy 5
J JfL
Imax
N inl Is, |
RO = -}-j;AJ . jm > O
(J) n ls}(.l
j=

A little analysis of the ordering of the S's and S*'s shows that R:I. <0

for 1 > 0.

AN APPLICATION

Equation (4) may be applied conveniently to determine the inverse,

0
1, t> of°

problem is approached most easily by treating a sequence of contimuous

This

D, when n is specified to be the step function {zézg

functions vwhose limit is the step function above. For each positive

integer m > 1 let



1"'t«lhen'l:=0
m

v (t) = <!'-+mtwheno<t<3'-(1-_)
m n =n

1\l
Llwhen*l:>(:l.--ﬁ)ﬁ

(o,1)

For each positive integer m > 1,

Jmax l(1.-:-"-) s¥(t=u)
D (t) = 351 R S} [P\ "/ne J au,

since, for t >§-1 (1-m), yn'1(t) = 0, and, for 0< t <-l]1—; (1=m), yél(t) = e

(The bresk in the graph of y!; at t = % (1-m) may be ignored since yl;l

is bounded,)

«13-




D(t)=m = RS} e d au
3=1
. [, \L
Imax s*¢ '63 (L-—)—
=m X st; e 9 'slT* - g,
J=1 J 3

or

-g¥
Imax a-"-(l-%) S}‘t 1 1
Dm(t) m X R, |l-e e, t>= -=

31 9

In order to find lim Dm(t), it is necessary to evaluate

m -
=S¥
—f.L
1im n|1-eD m
m - ¢
Thus,
¥* -g¥
-3( _&) E’i(l-]—-) o -S*ol’ (l-
m l=e e = e
m [l = e = T = T
0= 0=-=
m

Therefore, the limit above is

-llie




a -ij(l-x) . -S';'x(l-x) "
-d—x - %x=0 = SJ (]-"&) e =0 = SJ.
Therefore,
lim me * S..’;t
m_monm(t-,)= Jﬁl RJSJe , t>0.

Consequently, the required reactivity is a sum of negative ex=

ponentials,
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